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Bacterial genome collections are growing faster than current computational ca-
pacities, presenting a fundamental scalability challenge. Recently, phylogenetic
compression has demonstrated gains of one to several orders of magnitude in
compressing and searching large and diverse bacterial genome collections by
exploiting evolutionary relationships among genomes to guide algorithms and
data structures. However, the mathematical principles underlying these gains
remain insufficiently understood. Here, we introduce a formal framework that
establishes the theoretical foundations of phylogenetic compression. It models
genomic variation with binary matrices and run-length encoding (RLE), and
formulates compression as an optimization problem. We show that, for agnostic
data, this problem is NP-hard, via a reduction from the Traveling Salesperson
Problem (TSP). Under simplified evolutionary models such as the Infinite Sites
Model (ISM), phylogenetically guided compression admits polynomial-time op-
timal solutions, with tree-based heuristics, such as Neighbor Joining (NJ),
provably achieving optimality. Our analyses of real bacterial genome datasets
further show that NJ and similar algorithms achieve near-optimal compres-
sion in practice, even when ISM assumptions are only partially satisfied. To-
gether, these results provide a rigorous theoretical foundation for phylogenetic
compression and demonstrate its potential to substantially reduce storage and
computational costs for large genomic datasets.
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Chapter 1

Introduction

DNA sequencing is a fundamental technology that converts the biological information encoded in DNA into
digital data that form the basis for many areas of the life sciences. Over the past decades, the development of
massively parallel sequencing technologies [1, 2] has made it possible to read DNA rapidly, accurately, and at a
decreasing cost. As these technologies have advanced, databases of genomic sequences have become an essential
resource in modern medicine, biology, biotechnology, epidemiology, and numerous related fields.

However, public repositories of genomic collections have been expanding at an exponential rate [3, 4].
For instance, since 2019, the annual increase in the NCBI Bacterial Assembly Database has exceeded the
total volume of data accumulated during the previous two decades (Figure 1.1a). This expansion of genome
collections has created a widening gap between the volume of sequenced data and storage capacities [5, 6].
Although computational resources improve over time, the growth of their capacities lags behind the pace of data
accumulation. Consequently, the proportion of bacterial genomes that can be effectively searched and analyzed
using traditional tools, e.g., BLAST [7] and its successors, has been decreasing exponentially (Figure 1.1b).
These tools that used to be central to comparative genomics are becoming increasingly impractical for large-
scale analyses, leaving a growing portion of existing genomic data effectively unavailable for routine research.

Growth of the NCBI Bacterial Assembly DB

Last snapshot: May 22, 2024 (n=2,092,323)
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(a) Sequenced bacterial data grow exponentially. (b) The amount of searchable bacterial data decreases ex-
Over the last decade, the amount of newly sequenced ge- ponentially. Since traditional search tools fail to keep up with the
nomic data has grown by several orders of magnitude. The growth of sequenced data, the proportion of searchable data de-
graph shows the volume of assemblies deposited over the creases exponentially. The plot shows the ratio of the data search-
course of the last decade in the NCBI Bacterial Assem- able by the BLAST Nucleotide Database and the size of the NCBI
bly Database, representing one of the most comprehensive Bacterial Assembly database over the last two decades. Image
databases in the field of bacterial genome assemblies. Image taken from [9].

taken from [8].

Figure 1.1: Illustrations of the exponential growth of bacterial data.

Since effective search in large collections requires identifying redundancies, substantial effort has been
devoted to developing efficient compression techniques. Compression is a widely studied area in computer sci-
ence, encompassing a broad range of techniques. General-purpose methods include dictionary-based compressors
(e.g., gzip, bzip2, xz), statistical and probabilistic models (e.g., PPM, arithmetic coding), and more recent
neural-network-based compressors that learn complex sequence regularities. Within this broad area, bacterial
genomic data compression forms a specialized subfield that adapts these principles to the structure and redun-



dancy of bacterial sequences. Specialized tools, such as MBGC [10] and AGC [11] exploit extensive substring
repetition across bacterial genomes to achieve substantial size reductions. An expanding class of k-mer-based
methods has emerged, including large-scale indexing frameworks such as Metagraph [12], Themisto [13], and
Fulgor [14]. These systems rely on advanced techniques including succinct k-mer dictionaries, minimizer-based
sampling, and compressed graph representations to store and query massive bacterial genome collections. Despite
their significant contributions, these approaches are highly optimized for specific queries rather than providing
unified strategy, which motivates more systematic approach.

The recently proposed framework of phylogenetic compression [9] offers a promising strategy for scaling
the storage of large-scale genomic collections. By reorganizing genomes into phylogenetically coherent batches
and ordering them according to inferred evolutionary trees, phylogenetic compression localizes redundancy that
would otherwise be dispersed across the dataset. When applied to large bacterial genome collections, it reduces
storage requirements by one to two orders of magnitude. Phylogenetic compression is currently used as the
central compression technique in large-scale resources such as the AllTheBacteria collection [4] and represents
one of the most effective known methods for scaling genomic storage and search to millions of related bacterial
genomes.

However, the theoretical foundations of phylogenetic compression remain little understood. Several fun-
damental questions are still open: How specifically does phylogenetic reordering lead to such dramatic im-
provements in compression and search efficiency? How can simple heuristics achieve orders-of-magnitude scaled
improvements, despite the fact that even simplified formulations of compression problems are typically NP-hard?
The gap between the empirical success and theoretical understanding suggests that the structure of bacterial
genome collections may possess properties that make them particularly amenable to tree-guided optimization,
but these properties have not been mathematically characterized.

In this thesis, we develop a formal framework for analyzing the compression capabilities of phylogenetic
compression. We begin by modeling the structure of bacterial genome collections using the classical Infinite
Sites Model (ISM), which provides a simple yet biologically meaningful description of how genomic variation
accumulates along an evolutionary tree. We show that genome collections represented as binary matrices ex-
hibit invariant structural properties across representations. We then formalize the task of compressing binary
matrices as an optimization problem and show that in general, the problem is NP-hard. We further show that
when the data arise from the ISM, the underlying evolutionary structure imposes constraints that make the
problem tractable. In particular, we prove that phylogenetic reordering guided by an evolutionary tree recon-
structed by the famous Neighbor-Joining algorithm [15] yields optimal compression in polynomial time under
this model. Finally, we validate our theoretical predictions experimentally and show that, despite the simplifying
assumptions, the model closely matches empirical behavior on real bacterial genome collections, deviating only
minimally from optimal solutions provided by an exact solver.



Chapter 2

Background

2.1 DNA and DNA sequencing

DNA (Deoxyribonucleic Acid) is a fundamental molecule that carries the genetic instructions for growth,
development, functioning, and reproduction of living organisms. It consists of two complementary linear strands
of nucleotide units twisted into a double helix. Each nucleotide contains one of four nitrogenous bases: adenine
(A), cytosine (C), guanine (G), and thymine (T). These bases pair specifically within the double helix structure:
A pairs with T, and C pairs with G. The sequences encode biological information in an alphabet {A, C, G, T}.

The genome of an organism is the complete set of its DNA content. Since DNA is double-stranded, each
molecule contains two complementary sequences whose orientation is determined by the chemical polarity of
the sugar—phosphate backbone. The human genome consists of roughly 3.2 billion characters. In bacteria, the
genomic material typically consists of a single circular chromosome ranging from several hundred thousand to
a few million characters, together with additional extrachromosomal elements such as plasmids or other genetic
elements.

Genomes are studied through a process called DNA sequencing, in which the DNA molecule is fragmented
into smaller pieces, and the sequences of these fragments are then called reads. Sequencing technologies differ
substantially in throughput, accuracy, and read length, and can be grouped into three generations [16, 17].
First-generation sequencing, represented primarily by Sanger sequencing, produces highly accurate reads of
roughly 700-1,000 characters but offers only limited throughput, typically on the order of a few million characters
per run. Second-generation technologies, such as Illumina platforms [18], increased throughput by several orders
of magnitude by sequencing millions of short fragments in parallel at the cost of shorter read lengths (typically
50-300 characters). Third-generation sequencing technologies, including Oxford Nanopore [19] and PacBio [20]
single-molecule platforms, enable much longer reads (often thousands to tens of thousands of characters), though
with higher error rates than earlier generations. The genome is then computationally assembled from these reads,
most commonly using assembly algorithms based on de Bruijn or overlap graphs.

In the context of this thesis, we focus exclusively on bacterial genomes and model each genome as a linear
string over the alphabet {A, C, G, T}. This mathematical abstraction assumes that the chromosome has been
linearized and that the resulting sequence is complete and free of errors. Moreover, we restrict our analysis to
chromosomal DNA| deliberately excluding plasmids.

2.2 Mathematical representation of bacterial genome collections

2.2.1 Strings and k-mers

An alphabet is a finite, non-empty set of symbols called letters. We let |S| = L denote the length of the string
S =518y---Sp. A genome is a finite string G = G1G5 - -- G, over the alphabet {A, C, G, T}. A contiguous
substring of length k in a genome G is called a k-mer. A prefix of G of length m is denoted G[1---m].

Example 1. Consider the genome G = CAAGCT. The string AGCT is a 4-mer of the genome G. The 3-mers of this
genome are CAA, AAG, AGC, and GCT. The string CACT is not a k-mer of genome G since it is not its contiguous
substring. The Hamming distance of genomes CAAGCT and CATACG is 3.
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Given a k-mer k;, its reverse complement, denoted RC(k;), is the k-mer obtained from k; by applying the
following two operations: (i) reverse the order of letters, and (ii) replace each character with its complemen-
tary character, i.e., A is substituted with T and vice versa, and G is substituted with C and vice versa. The
lexicographically smaller of k; and RC(k;) is called canonical form of k;.

There are two equivalence models for sets of k-mers. In the unidirectional model, each k-mer is equivalent
only to itself. In the bidirectional model, a k-mer is treated as equivalent to its reverse complement. The
bidirectional model more accurately reflects the nature of sequencing data, since DNA is double-stranded and
the sequenced fragment cannot be distinguished from its reverse complement. In the parts of our theoretical
framework that operate on k-mer-based representations, we use only canonical k-mers; for each equivalence
class containing a k-mer and its reverse complement, the canonical k-mer serves as the representative. Unless
stated otherwise, we refer to the equivalence classes represented by canonical k-mers as k-mers.

Example 2. Consider the genome G = TAAGCT and its 5-mer TAAGC. Its reverse complement is RC(TAAGC) =
GCTTA. The canonical 5-mers of G are GCTTA and AAGCT.

2.2.2 De Bruijn graphs, unitigs, Bloom filters

Definition 1 (De Bruijn graph). Let C = {Gy,...,G,} be a collection of genomes over the DNA alphabet
Y ={A,C,G,T}. For a fixed integer k > 1, the de Bruijn graph of order k constructed from the collection C,
denoted DBy (C) = (V, E), is a directed graph defined as follows. The vertex set

V = {u € ¥ | u occurs as a substring of some genome in C'}

consists of all k-mers present in the collection. For every (k + 1)-mer w € ¥*+! occurring in some genome G,
let pref(w) = w[l--- k] and suff(w) = w[2-- -k + 1]. The graph contains a directed edge

pref(w) — suff(w) .
Parallel edges of the same (k + 1)-mer are represented by a single edge.

A colored de Bruijn graph extends this definition by assigning each genome in the input collection a distinct
color and annotating each node with the set of colors of the genomes in which the associated k-mer occurs. The
non-branching paths whose nodes share the same set of colors can be collapsed into single nodes that spell the
corresponding substrings, called unitigs.

Definition 2 (unitig). Let C be a collection of genomes and for a fixed integer k > 1, let DBy (C) = (V, E) be
the colored de Bruijn graph of order k of C, where each vertex u € V is annotated with a color set col(u). Let
p be a directed path uy — ug — -+ — uy in DBy(C) such that

1. for every internal vertex u;, 1 < j < ¢, we have deg™ (u;) = deg™ (u;) = 1, where deg™ denotes the number
of outgoing edges and deg™~ denotes the number of incoming edges,

2. all vertices on the path share the same color set, i.e.,

col(uy) = col(ug) = -+ = col(uy) .

3. either £ > 1 and at least one of the endpoints satisfies
deg™ (u1) # 1 or deg™ (u;) # 1 or u; does not share the same color set as some of its neighbors,

or similarly for ug, or p is a simple directed cycle on nodes of the same color set in which every vertex
satisfies deg™ = deg™ =1,

4. the path is maximal with respect to the degree and color-consistency conditions, i.e., it cannot be extended
on either end while preserving all conditions above.

The string spelled by the path p, obtained by taking the k-mer u; and appending the last character of each
successive vertex uo, ..., uy, is called unitig.
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Figure 2.1: Example of a de Bruijn graph. Collection C' = {CAGTGTAC, CAGGGTAC, CAGTTTAC} corresponds to the
following de Bruijn graph of order k = 3, with genomes associated with colors red, green, and blue, respectively. The
unitigs in this graph are CAG, AGT, GTTTA, GTGT, AGGGT, GTA, TAC.

A Bloom filter is a probabilistic data structure that indicates whether an element is a member of a set.
Bloom filter is built using hash functions, which allows false positives, but not false negatives. The false positive
probability depends on the parameters of the Bloom filter. We will view Bloom filter as a binary representation
of k-mer set that represents given genome.

Definition 3 (Bloom filter). Let G be a genome over the alphabet ¥ = {A, C, G, T}, fix k¥ € N, and let
Ke = {ki,...,kn} be the set of its distinct k-mers. A Bloom filter of the k-mer set of the genome G is
a probabilistic data structure defined by

« a collection of ;1 independent hash functions hq, ..., h, : % — {1,...,m},

e a bit array Bg € {0,1}™ of length m > 1, initially all zeros, which for each k-mer k; € K¢ sets
Bglhi(ki)] = Balha(ki)] = - -+ = Balhu(ki)] = 1.

To query whether a given k; belongs to K¢, the Bloom filter returns true if and only if Bglhi(k;)] =
Balha(kj)] = - = Balhu(k;)] = 1.

2.2.3 Binary matrix representations

In this thesis, we will mainly focus on binary matrices representing genome collections. These matrices can
be built from genomes themselves or from standard bioinformatics data structures introduced above.

Definition 4 (SNP matrix). Let C = {Gy,...,G,} be a collection of genomes of equal length L and X be
a genome of the same length. The SNP matrix S € {0,1}1*" of the collection C with respect to X as a reference
genome is defined as

o _[1 Gl # X
“ 10 otherwise.
Definition 5 (k-mer matrix). Let {Gq,...,G,} be a collection of genomes, and fix k € N. Define {k1,...,kp}

as the set of all distinct k-mers that appear in at least one genome of the collection. The k-mer matrix K €
{0,1}P*" is defined as

K 1 if k; occurs in Gy,
! 0 otherwise.

Example 3. Consider a genome collection C' = {CAGTGTAC, CAGGGTAC,CAGTTTACY} and k = 3, and
for clarity consider unidirectional model. The k-mer matrix of C' is

Q
2

G3

—_

GTT
TTT
TTA
CAG
AGT
GTG
TGT
GTA
TAC
AGG
GGG
GGT

O OO R KF M MFHEMFHERFEOOO
=== _ 0000k, O0OO0
S OO OOO K FHMFHF
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Definition 6 (unitig matrix). Let {G1,...,G,} be a collection of genomes, fix k € N, and F' be the number of
its distinct unitigs uy, ..., ur in the corresponding de Bruijn graph DBy (C). The unitig matrix U € {0, 1}£*"
is defined as
U — 1 if u,; is present in Gj,
v 0 otherwise.

Example 4. Consider the collection C' = {CAGTGTAC, CAGGGTAC, CAGTTTAC} used in Figure 2.1 and k = 3.
Its unitig matrix is

G Gy Gs
CAG 1 1 1
AGT 1 0 1
GTTTA 0 0 1
GTGT 1 0 0
AGGGT 0 1 0
GTA 1 1 0
TAC 1 1 1

Bloom filters can also be organized into matrix-like structures. Here, we adopt the formulation introduced
in [21].

Definition 7 (Bloom-filter matrix). Let C' = {Gy,...,G,} be a collection of genomes, fix k& € N, and let
{k1,...,kp} be the set of all distinct k-mers that appear in at least one genome of the collection C. Let m
be the length of a Bloom filter array and ;1 be the number of independent hash functions hq,...,h, : vk
{1,...,m}. Then the Bloom-filter matriz B € {0,1}™*" is defined as

B — 1 if there exists a k-mer k, in G; for which i € {hi(ks),..., hu(ks)},
Y10 otherwise.

Equivalently, the columns of the matrix correspond to Bloom filter bit arrays of the individual genomes,
i.e., Bej = Bg, using the notation from Definition 3.

2.3 Selected algorithmic tools and concepts

2.3.1 Distance measures

Many constructions in this thesis rely on specific distance measure. We will frequently use the Hamming
distance between two strings of equal length, defined as the number of positions at which their characters differ.
In addition, we make use of two important classes of tree-based distance metrics introduced below.

Definition 8 (Additive distances). Let Y be a finite set of objects. An additive distance is a metricd : Y XY —
Rar for which there exists a weighted tree T with leaf set Y such that for any z,y € Y,

d(l’, y) = Z w(e)a
ecP(x,y)
where P(z,y) is the unique path between z and y in T, and w(e) is the weight of edge e.

Definition 9 (Ultrametric distances). Let Y be a finite set of objects. A metric d : Y x Y — Ry is ultrametric
if for all z,y,z €Y,
d(z,y) < max{d(z,z),d(z,y)}-

Equivalently, all leaves are equidistant from the root in the corresponding tree.

2.3.2 Phylogenetic inference

Phylogenetic inference is the computational reconstruction of evolutionary relationships among organisms
from their genomic sequences. It plays a central role in bioinformatics, as understanding how genomes are related
through common ancestry is essential for tasks such as genome annotation, comparative genomics, outbreak
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tracking, and the study of molecular evolution. Phylogenetic methods provide a principled framework for inter-
preting sequence similarity not merely as a measure of distance, but as evidence of descent with modification.
Evolutionary relationships can be represented using various mathematical structures, in this work, we focus
exclusively on tree-based models.

A phylogenetic tree is a mathematical structure representing evolutionary relationships among a set of taxa.
Formally, it is a rooted or unrooted connected acyclic graph T = (V, E)) whose leaves correspond to observed
genomes and whose internal nodes represent hypothetical ancestors. Edges can be weighted by genetic distance
or substitution rates. The topology of the tree captures the branching order of descent, while edge weights
quantify evolutionary time or accumulated change. Importantly, there is no single “correct” biological tree: the
inferred structure depends on the chosen method, evolutionary model, and data quality. In this thesis, we focus
on the phylogenetic inference methods that are directly used in our theoretical model or evaluation pipeline.

Several methodological categories of phylogenetic inference exist. Distance-based approaches (e.g., Neighbor
Joining or UPGMA) construct trees from pairwise sequence distances. Character-based approaches, such as
maximum likelihood, evaluate explicit probabilistic models of sequence evolution. Bayesian methods incorporate
prior information and use sampling to estimate posterior distributions over trees. Each class of methods balances
computational tractability with biological realism, and each provides different insights into the evolutionary
history encoded in genomic data.

Selected computational methods for phylogenetic inference

Neighbor Joining (NJ) Neighbor Joining [15] is a widely used distance-based phylogenetic method, i.e., it
constructs a tree solely from pairwise distances between genomes, without requiring the sequences themselves or
prescribing how those distances must be defined. Given a set of objects and their pairwise distances, NJ produces
a tree that exactly represents those distances by weighted branches whenever they are additive (Definition 8). For
such distances, the underlying tree T is uniquely determined by d (up to branch rotations), and NJ reconstructs
exactly this unrooted tree in O(n?) time.

In the context of this thesis, NJ is applied to genome distances estimated from k-mer based sketches [22], an
approach that allows efficient estimation of pairwise distances. Given the relevance of the theoretical properties
of NJ to our results, their overview is presented in Appendix A.

Unweighted pair group method with arithmetic mean (UPGMA) UPGMA is another classical
distance-based algorithm. It assumes an even stronger condition of so-called molecular clock, meaning that all
genomes evolve at a constant rate [23]. Under this assumption the distances between genomes must satisfy
the ultrametric property (Definition 9). For such distances, UPGMA reconstructs the correct rooted tree. The
algorithm works in O(n?) time and proceeds by iteratively clustering the closest pair of genomes or clusters,
updating the distance matrix using arithmetic means, and continuing until a single rooted tree remains. In this
thesis, UPGMA is combined with sketch-based distance estimation for scalability.

Randomized accelerated maximum likelihood (RAxML) RAxML [24] is a widely used maximum-li-
kelihood (ML) method that aims to identify the tree topology and branch lengths that maximize the probability
of observing the given sequence data under a specified evolutionary model. As an ML framework, it incorporates
mutation processes, substitution rates, and other biological factors, enabling statistically robust phylogenetic
inference. RAXML supports a broad range of substitution models and is optimized for larger datasets than
previous ML methods. In this thesis, we use a RAxML tree derived from a recombination-filtered core-genome
alignment [25], downloaded from public repository.

2.3.3 Phylogenetic compression

Phylogenetic compression [9] is a high-level compression method that exploits evolutionary relationships
among genomes to group closely related sequences together. Because genomes are not independent strings
of characters but share a common evolutionary history, they contain substantial redundancy. Phylogenetic
compression systematically leverages this redundacy to achieve substantially better compression than generic
algorithms. Its core idea is to organize genomes according to their phylogenetic tree and compress them in a way
that respects this evolutionary structure.

More specifically, phylogenetic compression involves four steps.

1. Clustering and batching: The collection is divided into phylogenetically related groups (e.g., one species
per group) which are then batched into groups of balanced size.



2.3. Selected algorithmic tools and concepts 8

2. Phylogenetic inference: Within each batch, the method infers a phylogeny. The phylogenetic tree then
serves as a guide for the next step.

3. Data reordering: Genomes are reordered left-to-right according to the inferred phylogeny.

4. Data compression: The reordered dataset is compressed by a low-level compressor.

The method is highly versatile and can be adapted to different data representations through so-called
protocols. The four core steps are very general and must be instantiated and tailored to a specific setting before
they can be applied in practice. For instance, a protocol for a collection of genome assemblies might involve
clustering them by species to batches of similar sizes, reordering each batch according to a phylogeny inferred
with mashtree [26], and then compressing the reordered genomes using xz. In our theoretical model, we use
a simplified protocol that defines how phylogenetic compression is performed and specifies the tools used at
each step.

In practice, phylogenetic compression improves compression ratios of assemblies, de Bruijn graphs, and k-
mer indices by one to two orders of magnitude compared to conventional techniques. It enhances the performance
of traditional compression tools such as zz as well as specialized tools such as MBGC [10]. It is especially effective
for large genomic datasets comprising of both closely related genomes as well as highly diverse ones.

2.3.4 Run-length encoding (RLE)

Run-length encoding (RLE) is one of the simplest and oldest forms of lossless data compression. Its core
idea is to exploit consecutive repetitions of the same symbol, called runs, by representing them in a compact
form. Instead of storing each symbol individually, RLE stores a pair (s, f), where s is the repeated symbol and
£ is the count of its occurrences (i.e., length of the run).

Example 5. The string CAAGTTTT can be encoded in RLE as (C, 1), (A,2),(G,1),(T,4).

RLE reduces storage requirements by collapsing long regions of equal characters. Its encoding and decoding
procedures are extremely fast and require minimal memory, but RLE is beneficial only when sufficiently long
runs are present; on highly variable data, the compressed form may not be smaller than the original. For this
reason, RLE is often combined with other compression or indexing techniques in large-scale applications. It
appears across domains where data naturally contains long uniform segments [27]: classic examples include
early image and multimedia formats, such as bitmap graphics and fax transmission standards, which exploit
RLE to compress large regions of identical color or intensity. In text and binary compression, RLE is frequently
used as a lightweight preprocessing step to expose structure for more advanced algorithms.

In the context of this thesis, RLE serves as the low-level compressor of binary matrices in our simplified
phylogenetic compression protocol. The compressed matrix size is measured by the total number of runs across
all rows, providing a simple metric for evaluating binary matrix compression.

2.3.5 Traveling Salesperson Problem (TSP)

The Traveling Salesperson Problem (TSP) is a classical problem in combinatorial optimization and theo-
retical computer science. Informally, it asks for the shortest possible route that visits each city in a given set
exactly once and returns to the starting point. Formally, given a set of n vertices and their pairwise distances
(i-e., their complete weighted graph), the goal is to find a minimum-weight cycle that passes through all vertices.
An equal formulation is to find a minimum-weight Hamiltonian cycle in a complete graph. A Hamiltonian cycle
is a cycle that visits every vertex exactly once; however, the classical Hamiltonian cycle problem is defined for
arbitrary (not necessarily complete or weighted) graphs and concerns only the existence of such a cycle, not its
length. TSP is one of the most extensively studied NP-hard problems and serves as a benchmark for algorithm
design, approximation theory, and computational complexity.

Problem 1 (Traveling Salesperson Problem (TSP)).
Input: Complete weighted graph G = (V, E) with |V| = n vertices and a distance function d : V x V — R
Output: Permutation of vertices 7 minimizing d(vz,, Vry) + d(Vry, Vag) + . + (V1 U, ) + AV, Uy )

The computational complexity of TSP depends strongly on the structure of the distance function. For
general distances, TSP is NP-hard, and the decision version (asking whether a tour of length at most L exists)
is NP-complete [28]. A brute-force search would require evaluating (n —1)!/2 possible tours. When the distances



2.3. Selected algorithmic tools and concepts 9

form a metric, i.e., they are symmetric and satisfy the triangle inequality, the problem remains NP-hard,
but admits polynomial-time approximation algorithms [29]. A classical example is the Christofides—Serdyukov
algorithm [30], which guarantees a tour of length at most 1.5 times the optimum. Even stronger approximation
schemes exist for Euclidean TSP, although the problem is still NP-hard [31], and similar holds for Hamming
distances [32]. The situation changes dramatically when the distances are additive, meaning they arise from
path lengths on a tree graph. In this case, the TSP becomes polynomial-time solvable.

In our work, genomes play the role of “cities” and pairwise distances are defined by the Hamming distances
between their binary encodings in genomic matrices. The TSP formalizes the problem of finding an optimal
ordering of genomes.



Chapter 3

Mathematical framework for
phylogenetic compression modeling

The goal of this chapter is to formalize a simplified protocol of phylogenetic compression, and formalize
compression within this specific framework as an optimization problem. Doing so enables direct comparison
between the performance of phylogenetically guided compression, an optimal solution, and a standard compres-
sion protocol without evolutionary guidance. This framework also allows us to contrast the theoretical behavior
of the model on idealized, evolutionarily structured data with its behavior on arbitrary data without such
assumptions.

3.1 Overview of modeling methodology

To construct a mathematical model capable of explaining the performance of phylogenetic compression, we
must specify the exact compression protocol. This requires several key choices: selecting the type of bacterial
genomic data and the evolutionary assumptions we impose on it; defining an appropriate data representation and
analyzing its properties under those assumptions; and specifying the concrete components of the phylogenetic
compression pipeline, including the clustering strategy, the algorithm used to infer the phylogenetic tree, and
the low-level compressor. With these elements in place, we can formally express compression as an optimization
problem and systematically compare phylogenetically informed solutions with both optimal and unadjusted
baselines.

3.2 Modeling structure of data by Infinite sites model (ISM)

When studying the structure of genomic sequences from mathematical perspective, the essential observation
is that genomes are not arbitrary strings but products of an underlying evolutionary process. Their modeling
therefore requires abstractions that capture both the discrete nature of the genomic sequences and the constraints
imposed by evolutionary inheritance and mutations. In practice, this means that mathematical models have to
balance biological plausibility with mathematical tractability. By grounding our compression protocol in such
models, we can explicitly incorporate evolutionary assumptions into the data representation and study its
properties.

3.2.1 Perfect phylogeny and Infinite sites model

To model a simplified evolutionary process that shapes the structure of data [6, 9], we adopt the classical
perfect phylogeny model [33] (Figure 3.1a). It describes evolutionary relationships between given objects (e.g.,
species or other taxa) and their features that are either present or absent in the objects. Perfect phylogeny
models the evolutionary history of these objects and their features under the assumption that each feature
appears only once and is never lost or reverted. This model has been widely studied in the context of graph and
complexity theory, reconstruction algorithms and computational biology [34, 35, 36, 37, 38].

10
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Figure 3.1: Overview of our modeling methodology. a) Perfect phylogeny: a tree-based model of feature emergence,
which can be characterized by a perfect phylogeny matrix. b) The Infinite Sites Model (ISM): the ISM instantiates
a perfect phylogeny for genomes and point mutations, producing a rooted binary tree with observed genomes as leaves.
¢) Binary matrices representing genome collections: ISM-compliant data define an additive distance, and SNP, unitig,
k-mer and Bloom-filter matrices derived from this data all induce additive Hamming distances on their columns, some
of them under additional assumptions. The underlying unrooted tree can be recovered from these matrices via Neighbor
Joining, even if the evolutionary history is unknown. d) a simplified protocol of phylogenetic compression: on ISM-
compliant matrices, phylogeny-guided RLE compression performs optimally.

A perfect phylogeny is a rooted tree T where each object is associated with exactly one leaf of T" and
each feature corresponds to exactly one edge of the tree. Each object contains exactly those features that are
associated with the edges marking the unique path from the root of the tree to the corresponding leaf. In other
words, once a feature appears in some ancestral object, it is then present in all the descendants of that object
and not anywhere else in the tree.

Perfect phylogeny can be represented as a binary matrix M whose rows correspond to features and columns
correspond to the objects. The value M;; = 1 indicates that feature 7 is present in object j. Such a matrix is
called perfect phylogeny matriz. A central result for our work is the necessary and sufficient condition for a given
binary matrix to be a perfect phylogeny matrix.

Lemma 1 ([37], [39]). Let M € {0,1}™*™ be a binary matrix. For each row 4, let S; be the set of column
indices where row 4 contains a 1, i.e., S; = {j | M;; = 1}. Then M is a perfect phylogeny matrix if and only if
for every pair of rows 1, j, the sets S; and S are either disjoint or one contains the other.
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At the level of DNA sequences, perfect phylogenies naturally arise under the Infinite Sites Model (ISM)
[40] (Figure 3.1b). This simplified yet highly tractable model represents genomes as long strings, and the
assumption of each feature appearing exactly once and never reverting translates to the ISM as single-site
mutations in the genomes’ novel positions. Each site in the genome can mutate at most once in evolutionary
history, and once mutated, the derived state is preserved in all descendant lineages. More specifically, the ISM
assumes that (1) each new mutation arises at a unique genomic position (no recurrence or reversal), and (2)
there is no recombination, i.e., all genomic transfer is purely vertical in the tree. The ISM underpins a wide
range of population-genetic methods and tools, including studies of neutral evolution [41], [42], demographic
inference [43], and simulation frameworks such as the Wright-Fisher model [40], [44], Moran model [45], [46],
and coalescent models [47], [48]. Efficient simulators supporting the ISM include fwdpy11 [49], fastsimcoal2 [50],
and SLiM 3 [51].

While the ISM remains a cornerstone for modeling genetic drift and mutation dynamics, our interest lies
in the combinatorial patterns it guarantees; we formalize this combinatorial structure as an ISM tree.

Definition 10 (ISM tree). Let C = {G1,...,G,} be a genome collection composed of a set of equal length
genomes. We call a rooted binary tree T an ISM tree of the collection if

1. The root of T contains no mutated positions,
2. the leaves of T are exactly {G1,...,Gy},

3. every edge is labeled by a set of mutations at unique positions, i.e., one position never appears in more
than one edge label,

4. each descendant inherits the mutations accumulated on all edges from root to that node,

ot

. edge weights are derived as the number of mutations in the corresponding edge label.

We call such a collection C' ISM-compliant.

R = CAGTAGACCT

Y

GAGTAGACTT CATTAGACCT
G2 = GAGTGGACTT G4 = GIGTAGACTT (3 = CATAAGACCT CATTACACCT

o e

G1 = CATTACGCCT G5 = CATTACACCA

Figure 3.2: Example of an ISM tree. Here, the ISM-compliant collection C' contains genomes G, ..., G5, and the
genome R is the common ancestor. For clarity, we list the edge weights explicitly and novel mutations are highlighted in
genomes as underlined positions.

3.2.2 Modeling genome collections with ISM-compliant matrices

As the complete evolutionary history is rarely known, practical applications require representations that
do not rely on the access to the true ancestral genome. For instance, given a set of related genomes, such as
genomes from a hospital outbreak of Staphylococcus aureus [52], a common approach is to select a reference
genome X from within or near the dataset, and then encode all other genomes as binary vectors relative to X,
which effectively yields a SNP matrix (Definition 4). Other widely used matrix representations, e.g., k-mer and
unitig matrices or Bloom-filter-based representations, also represent each genome as a binary vector over a set
of attributes. We formalize this through the concept of ISM-compliant matrices, unifying these matrix types
used throughout bioinformatics. Here, columns represent observed genomes and rows correspond to individual
attributes, and we restrict our attention to binary matrices.

Definition 11 (ISM-compliant matrix). Let M € {0,1}"*" be a binary matrix. For each row ¢, define two
subsets of column indices T; = {j | M;; = 1} and F; = {j | M;; = 0}. Then M is called ISM-compliant if for
each pair of rows r, s, at least one of these four intersections is empty T,- N Ty, T,. N Fy, F. N Fy, F. NTy.
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Equivalently, M is ISM-compliant if no pair of rows contains all four binary patterns (00, 01, 10, 11). This
is called the four-gamete condition, used for recombination detection [53] and perfect-phylogeny algorithms
[64]. The complexity of naive verification of ISM-compliance for a given binary matrix M € {0, 1}"*™ requires
O(nm?) time, but specialized data structures allow improvements down to O(nm) [33].

ISM-compliant matrices strictly generalize perfect phylogeny matrices. When we view the feature emergence
in perfect phylogeny as a single-site mutations in the ISM tree, the SNP matrix with the root of the tree as
a reference yields exactly a perfect phylogeny matrix. Conversely, ISM-compliant matrices relax the constraint
of evolutionary directionality: the referenced features are no longer required to be those of the root, but are
compared only among the observed genomes.

Lemma 2. Let Mpp denote the class of perfect phylogeny matrices, and let Mjgys denote the class of ISM-
compliant binary matrices. Then Mpp C Mg

Proof. Let us use the notation of a given binary matrix M € {0,1}"*" with the sets Ty, = {j | My; = 1} and
Fy, ={j | My; = 0}. Then M € Mpp if for every pair of rows 4, j, either the 7" sets are disjoint (7; N7T; = @) or
one is a subset of the other (T; N F; = () or T; N F; = ). Clearly, this satisfies the definition of ISM-compliance.
Furthermore, the set of matrices that do not comply with this condition but satisfy for every pair of rows
F; N Fj = 0 is ISM-compliant but not a perfect phylogeny matrix. O

Example 6. Consider the following binary matrix M representing 3 genomes, and its corresponding sets of
indices.

T1:{173} FIZ{Q}

T, = {2} F, ={1,3}

TSZ{LQ} F3:{3}

T, ={1,3} F,={2}

It is ISM-compliant, but not a perfect phylogeny matrix, because 77 and T3 are neither subsets of one another
nor disjoint.

=
O = = O
_ o o =

A key property of ISM-compliant matrices is that pairwise Hamming distances between their columns
induce an additive metric (Definition 8). For perfect phylogeny matrices, this is trivial: each feature corresponds
to exactly one edge, so the Hamming distance equals the total number of features corresponding to the edges
along the path between leaves. ISM-compliant matrices inherit this property due to the four-gamete condition.

Theorem 1. Hamming distances induced by the columns of an ISM-compliant matrix are additive.

Proof. Recall the notation from the definition of an ISM-compliant matrix: M € {0,1}™*", T, = {j | M;; =1}
and F; = {j | M;; = 0}. M is ISM-compliant, so for each pair of its rows r, s, at least one of the intersections
T.NTs, T.NFs, F.NTy, F.N Fy is empty. Equivalently, no pair of binary features given by rows r, s per column
can produce all four pairs (0,0), (0,1),(1,0),(1,1) (the four-gamete condition).

We want to show that the columns in M, corresponding to binary representations of genomes, can be
organized as leaves of a binary tree. A classical result of Peter Buneman [55] shows exactly this; each row r € M
induces a split (bipartition) (7., F,.) of the columns. By [55], if the splits satisfy the four-gamete condition,
there is a unique binary tree whose edges realize exactly those splits and whose leaves correspond to the set
of columns. In particular, each split (7;., F.) corresponds to a unique edge, whose removal separates the leaves
into T}, and F,.

The Hamming distance d(z,y) between two columns z,y € M counts the number of rows in which their
values differ. In the split-induced tree, the row r (which corresponds to exactly one edge e,.) separates x and y
exactly when the path from x to y crosses e,. Let us give weight w(r) to the edge e, if the split is duplicated
w(r) times in the rows of M. Then the Hamming distance d(x,y) equals the length of the path between z and
y in the tree and is therefore additive. O

3.2.3 Examples of common ISM-compliant matrices

When built on an ISM-compliant genome collection, many of frequently used representation matrices are
ISM-compliant as well, although some need additional assumptions (Figure 3.1c). Here, we will show that SNP
matrix is ISM-compliant under the condition of compatible reference. Furthermore, we show that k-mer, unitig,
and Bloom-filter matrices are ISM-compliant under k-mer-based ISM tree and low collision rate of the Bloom
filter.
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SNP matrix

Definition 12 (Compatible reference genome). Let C' = {Gy,...,G,} be a collection of equal-length genomes
for which there exists an ISM tree 7 with C as its leaves. Let X be a genome such that for any position 7,
X[j] € {Gi[j] | Gi € C}, i.e., X does not introduce a novel nucleotide at any position. We call X a compatible
reference genome of the collection C.

Example 7. Let us consider the ISM-compliant collection C' from Figure 3.2. A compatible genome for this
collection could be for example the root R = CAGTAGACCT or other internal genome, one of the genomes from
the collection GG; = CATTACGCCT, or a genome from outside the tree G. = CAGTACGCTT. The genome G, =
CATTACACTG is not compatible with C since the last site in G, contains a novel nucleotide G which is not
present in any other genome in C.

Theorem 2. Let C' = {Gy,...,G,} be an ISM-compliant genome collection of equal length genomes with an
ISM tree, and X be a genome compatible with this collection. Then the SNP matrix built on the collection C'
with the reference X is ISM-compliant.

Proof. Let us call the corresponding SNP matrix S € {0,1}%*" where L is the length of the genomes, and
use the notation of the subsets of column indices T; = {j | S;; = 1}, F; = {j | Si; = 0} for each row ¢ in
the SNP matrix S. We want to show that for each pair of rows r,s, at least one of the four intersections
T.-NTs, T, N Fy, F. NTs, Fi. N Fs is empty.

Any row that is all-ones or all-zeros automatically satisfies this condition, so we restrict attention to the
remaining (nontrivial) rows. Rows in an SNP matrix represent individual sites that mutate along the edges of
the ISM tree 7, so each row is naturally associated with an edge of 7. This edge divides 7 into two subtrees,
whose leaf sets correspond to the index sets T, F,., Ts, F.

Let us choose two nontrivial rows r, s in S. The edge associated with r divides the tree into subtrees with
leaf sets corresponding to 7. and F;.. There are four possible scenarios, based on whether the edge s lies within
the subtree with leaves T, or within the subtree with leaves Fi..

o If the edge associated with s lies within 7)., then either
— F, CT,, therefore F,NF, =0,
— T, C T,, therefore Ty N F, = (.

o If it lies within F;., then either

— F, C F,, therefore F, N T, = {,
— T, C F,., therefore T, N7, = 0.

In all cases, at least one intersection must be empty, therefore the matrix S is ISM-compliant. O

k-mer matrix

Next, we will examine k-mer matrices, which represent genomes based on the presence or absence of k-
mer. To preserve the fundamental ISM properties, we need to modify the assumptions we lay on the genome
collection and translate the concept of individual positions to k-mer sets. Essentially, we need to restrict how
closely individual mutations can appear within a genome given a fixed k since we want to prevent k-mers that
appeared from mutated positions to disappear due to another mutation, and also prohibit the duplication of
k-mers in independent branches of the phylogenetic tree. We will formalize the extended assumptions with
a modification of an ISM tree that we call a k-mer-based ISM tree.

Definition 13 (k-mer-based ISM tree). Let C' = {Gy,...,G,} be a genome collection composed of a set of
equal length genomes. We call a rooted weighted binary tree 7 a k-mer-based ISM tree of the collection if

1. the root of 7 contains no mutated positions,
2. the leaves of T are exactly {G1,...,Gn},

3. every edge is labeled by a set of mutations, and any two mutations in 7T are at least 2k positions apart,
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4. each descendant inherits the mutations accumulated on all edges from the root to that node,
5. in each genome, any k-mer appears at most once,

6. with each mutation in a genome, k novel k-mers appear in that genome, where novel means such k-mer that
only appears in the descendants of the given genome,

7. edge weights are defined as the number of mutations in the corresponding edge label.

Under these additional assumptions, we show that k-mer matrices of genome collections are ISM-compliant.

Theorem 3. Let C = {G4,...,G,} be a genome collection of genomes forming the leaves of a k-mer-based
ISM tree. Then the k-mer matrix K built on the collection C' is ISM-compliant.

Proof. The proof will be very similar to the case of SNP matrix. Let us call the corresponding k-mer matrix
K € {0,1}™*", where m is the number of distinct k-mers observed in the collection. For each row i in K, define
the subsets of column indices T; = {j | K;; = 1}, F; = {j | K;; = 0}. We want to show that for each pair of
rows 7, s, at least one of the four intersections T,. N T, T,- N Fs, F. N Ty, F,. N F is empty.

Any row that is all-ones or all-zeros automatically satisfies this condition, so we restrict attention to the
remaining (nontrivial) rows. Under the k-mer-based ISM tree, each k-mer is incident with exactly one edge
of the tree. This edge partitions the leaf set into two complementary subsets: those genomes that contain the
k-mer (corresponding to 7T;) and those that do not (corresponding to F;).

Let us choose two nontrivial rows 7, s in K. The edge associated with r divides the tree into subtrees with
leaf sets corresponding to T, and F,.. The edge associated with s must lie either within the subtree whose leaves
are T, or within the subtree whose leaves are F,.. Thus, there are four possible scenarios.

o If the edge of s lies within 7., then either

— F, CT,, hence F,NFE, =0, or
— Ty C Ty, hence Ts N E,. = 0.

o If the edge of s lies within F., then either

— Fy, C F,, hence F;,NT, =0, or
— Ty, C F,, hence T, N T, = 0.

In all cases, at least one of the four intersections is empty. Therefore, the matrix K is ISM-compliant. [

Unitig matrix

We will further utilize the assumptions in Definition 13 to show that unitig matrices built on the data
from k-mer-based ISM tree are ISM-compliant as well. By Definition 2, unitigs are created by compacting k-
mers on non-branching path sharing the same color set in the corresponding de Bruijn graph. Therefore, the
unitig matrix can be obtained from the k-mer matrix by removing some duplicate rows. It is easy to see that
ISM-compliance is invariant to such transformation.

Lemma 3. Let M be an m x n ISM-compliant matrix, and let M; be the submatrix of M formed by keeping
only the rows indexed by I C {1,...,m}. Then M is also ISM-compliant.

Proof. Since M is ISM-compliant, for every pair of rows r, s in M at least one of the intersections T,. N Ty, T, N
F,, F.NTs, F. N Fy is empty. Removing rows has no impact on the pairwise comparison of the remaining ones,
therefore the condition also holds for any subset of rows, including those forming the submatrix M;. Hence My
is ISM-compliant. O

Corollary 1. Let C = {Gy,...,G,} be a genome collection of genomes forming the leaves of a k-mer-based
ISM tree. Then the unitig matrix U built on the collection C is ISM-compliant.
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Bloom-filter matrix

Next, we studied the ISM-compliance of a Bloom-filter matrix (Definition 7). In particular, ISM-compliance
is surely guaranteed in the idealized case when a single hash function is used and collisions are absent, in which
case the Bloom-filter matrix reduces to a k-mer matrix (up to possible empty rows). However, when multiple hash
functions are employed, collisions of the form h,, (k;) = hy, (k;) may occur, potentially violating ISM-compliance.
It would be possible to show the ISM-compliance of a Bloom-filter matrix with several hash functions requiring
that their outputs remain collision-free across all k-mers and functions, however, this would in practice be
equivalent to assuming a single injective hash function as we do here.

Theorem 4. Let C = {Gy,...,G,} be a genome collection forming the leaves of a k-mer-based ISM tree. Let
B be a Bloom-filter matrix built on the collection C' with ;= 1 and m such that the probability of collisions of
k-mers in B is negligible. Then B is ISM-compliant.

Proof. We will show that under these assumptions, the Bloom-filter matrix is very similar to the k-mer matrix.
As the outputs of the hash function never collide for distinct k-mers, each row of the matrix is associated with
at most one k-mer, and the binary values encode its presence and absence across genomes. The ISM-compliance
is therefore implied by Theorem 3. O

Lastly, we note that collisions within a single hash function generally break the ISM-compliance. If two
distinct k-mers are mapped to the same position, their encodings are combined into a single row of the Bloom-
filter matrix. Given that the colliding k-mers might be from any two parts of the k-mer-based ISM tree, it is
possible to observe two rows in the matrix that would break the ISM-compliance condition.

3.3 RLE binary matrix compression problem (RBMC)

We specified binary matrices as the data structure in our model of phylogenetic compression, now we want
to model their compression. We choose the run-length encoding (RLE) as our low-level compression method. We
formalize the general problem of RLE for binary matrices representing genome collections as follows. Consider
a collection of genomes represented by a binary matrix, where each column corresponds to an individual genome.
We will consider that RLE compression is performed row-wise: within each row, we identify consecutive runs of
equal characters, and each run is represented by its length. For simplicity, each row is processed independently,
and thus every row begins with a new run. Without loss of generality in our case, we assume that run length
will always fit within a standard integer type. We will measure the final compressed size of the matrix as the
total number of runs across all rows.

In the specific case of applying RLE to binary data, storing the symbol of each run is unnecessary once
the first symbol in a row is known. In practice, the compressed representation of a binary matrix consists
of two components: the first column, which determines the starting symbol of every row (and can itself be
RLE-compressed), and the sequence of run lengths for each row, which fully specifies the remaining entries. In
our theoretical model, we focus solely on the number of runs across all rows as the measure of compressed size
for simplicity. If we wished to reconstruct the full matrix from the RLE representation, the first column would
need to be stored in addition to the run lengths.

Example 8. Consider the following binary matrix A

—_ = O =
O = OO
= o o

The first row 101 contains three runs of length 1. The second row 000 contains one run of length 3. Similarly,
the last two rows contain runs of lengths 2, 1 and 1, 1, 1. The resulting size of the RLE-compressed matrix A
is the total number of runs, i.e., 3+14+2+4+3=09.

With this encoding, we define the computational problem of minimizing the compressed size by reordering
the input dataset in Problem 2. Specifically, we ask: what is the complexity of permuting the matrix columns
to minimize its run-length encoding (RLE) compressed size? The objective is to find a column permutation
that yields the smallest total number of row-wise runs. We call this optimization task the RLE binary matrix
compression (RBMC) problem.
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Problem 2 (RBMC).
Input: Binary matrix A € {0,1}™*"
Output: Column permutation of A that minimizes the total number of row-wise runs

3.3.1 NP-hardness of RBMC

When we have no additional assumptions about the input matrix, the RBMC problem is NP-hard. It
reduces to the path variant (without returning to the starting point) of the Traveling Salesperson Problem
(TSP).

Theorem 5. The RBMC problem is NP-hard.

Proof. Given a binary matrix A € {0,1}™*" we construct a complete graph G = (V, E) where each vertex
v; € V is the i-th column of A. For every pair i # j, the edge (v;,v;) € E is assigned a weight equal to the
Hamming distance w(v;, v;) = Ham(v;, v;).

The row-wise run count in A can be directly expressed as Z;:ll w(vj,vj41) + m, where m is the height of
A, which is an additive constant with respect to the column order. Therefore, finding the order of columns that
minimizes the total run count is equivalent to finding the minimum-weight open path in G that goes through
all nodes (i.e., Hamiltonian path), which is an instance of the path Traveling Salesperson Problem. To show
that this problem is NP-hard under Hamming-distance weights, we reduce from the corresponding cycle version,
which was proven to be NP-complete as the Hamming Traveling Salesperson Problem (HTSP) in [31].

We want to show that we can use the solution of the path TSP to solve the cycle variant. If we were able
to compute the path solution in polynomial time, it would contradict the NP-hardness of the cycle variant.

Consider an instance of this cycle TSP variant given by our set of binary vectors {v1,...,v,} forming the
columns of the matrix A and the graph G weighted by their pairwise Hamming distances. As described above,
the shortest Hamiltonian path in G is exactly an ordering of the vectors that minimizes the total number of
row-wise runs in A.

To connect the shortest-cycle and shortest-path variants, we use a distance-equalization argument. We fix
one of the vectors, without loss of generality v, and modify its distances so that it has an equal distance to any
other vector, while preserving the order of vertices in the shortest Hamiltonian path. Let D = max;+; Ham(vq, v;)
be the maximum Hamming distance between vy and any other vector. For each v;,i # 1, we add a constant
L —Ham(v1,v;) to each of its distances Ham(v;,v;), j # ¢ Aj # 1. For binary vectors, we can do so by appending
the same fixed binary suffix of appropriate length to every vector. Because adding the same constant to all edges
incident on a vertex uniformly increases every tour length by twice that constant, the city order of the optimal
tour over all cities remains unchanged.

Once v; is equidistant from every other vertex, it can be removed without affecting the relative ordering of
any optimal path on the remaining n — 1 vertices. Solving this modified instance as a path TSP yields a shortest
path on the vertices vs,...,v,. Reinserting v; between the endpoints of this path closes it into a valid HTSP
cycle on all n vertices. Thus, any HTSP instance reduces in polynomial time to the path version, proving this
version NP-hard as well. Consequently, the RBMC problem is NP-hard. O

3.3.2 Computation of best and worst orders

The reduction to the TSP provides a direct approach for an RBMC solution via TSP solvers: compute the
pairwise column distances and find the optimal ordering using a TSP solver such as Concorde [56]. Moreover,
we can use to same approach to obtain also the worst possible ordering that yields the maximum total number
of row-wise runs.

Lemma 4. Let A be a binary matrix and let G be the complete graph on its columns with edge weights
w(v;, v;) = Ham(v;, v;). Let Winax = max;»; w(v;, v;) and define modified weights w.,, (v;, v;) = Wiax—w(vi, v;).
Then the worst-case RBMC solution is obtained by solving the shortest-path problem under the modified weights
Wy, -

Proof. Under the modified weights, for any open Hamiltonian path P = (v1,va, ..., v,), its total modified weight
8 n—1 n—1
Z Wy (O, Uk 41) = Z(Wmax — w(Vk, Vk41)) = (0 = 1) Winax — Y w(0k, V1)

—1 k=1
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Since (n — 1)Whax is a constant, minimizing this modified weight is equivalent to maximizing the sum of the
original Hamming distances along the path. By the same argument as in the proof of Theorem 5, the sum of
Hamming distances is the total number of runs in A up to an additive constant. Hence, a shortest path under
Wy, gives a column ordering of A with maximum total run count. O

Although solving the RBMC optimization problem is NP-hard for general binary matrices, we focus specif-
ically on ISM-compliant matrices. In the next chapter, we show how the underlying tree structure of such data
can be leveraged to solve the RBMC problem efficiently.

3.4 Neighbor Joining (NJ) solves the RBMC problem optimally for
ISM-compliant matrices

When the binary matrix is ISM-compliant, the RBMC problem simplifies dramatically. The key property
is the additivity of the Hamming distances proven in Theorem 1, which ensures that there is a tree graph
explaining the distances. This breaks the NP-hardness and allows for a simpler solution than using a TSP
solver. The central question is whether the tree describing the distances can be reliably recovered.

We will use the distance-based method called Neighbor Joining (NJ) (Section 2.3.2). The key property
of NJ is that when the provided distances are additive, it is guaranteed that the NJ algorithm reconstructs
the correct unique unrooted weighted tree topology that describes the distances. Moreover, the NJ algorithm
is robust: even for non-additive distances, it reconstructs a tree minimizing the balanced minimum evolution
criterion [57].

Lemma 5 ([57]). Let T;, be an unrooted weighted tree with shortest branch length s, and let Dr, be the set of
pairwise leaf distances of T),. Let D,, be a set of distances from Dr,, modified by some amount. If all pairwise
distances in D,,, deviate from their true values in Dp, by less than s/2, then the NJ algorithm reconstructs T,
exactly. In particular, if the distances are additive, exact reconstruction is guaranteed.

This property provides a powerful tool for solving the RBMC problem on ISM-compliant matrices: not only
are the Hamming distances among the matrix columns additive, but we are also able to obtain the tree topology
itself in O(n3) time. Once the tree is known, finding an optimal column permutation becomes equivalent to
identifying the shortest open Hamiltonian path in that tree. Such a path can be obtained by a simple depth-first
traversal, with the only remaining degree of freedom being the choice of the two endpoint leaves that minimize
the total path length. We formalize this in the following theorem.

Theorem 6. Let M be an ISM-compliant matrix. The left-to-right order of leaves in the tree T inferred by
Neighbor Joining from the pairwise Hamming distances of the columns of M is an optimal solution of the RBMC
problem on M up to an additive term bounded by the diameter of T' (i.e., the longest leaf-to-leaf path in T').

Proof. By Theorem 1, the Hamming distances between the columns of M are additive, therefore Lemma 5
guarantees that the NJ algorithm produces a weighted unrooted tree T' whose leaf distances match the Hamming
distances in M. By the proof of Theorem 5, finding a column permutation of M that solves the Problem 2
optimally is equivalent to finding a minimum-weight Hamiltonian path through the leaves of T'. Since T is the
minimal spanning tree of all leaves, its shortest leaf treaversal is realized by a standard depth-first traversal
(DFT).

A DFT that starts at leaf u and ends at leaf v visits each edge twice, except those on the unique u — v
path, which are traversed only once. If
S = Z w(e)

ecE(T)
is the total weight of T', then the length of the DFT route is

L(u,v) =25 — d(u,v)
where d(u,v) is the distance between u and v in T.

The DFT length can be further optimized by maximizing d(u,v), i.e., by choosing the two leaves that are
farthest apart as endpoints of the path. The best possible traversal length is therefore

L(u,v) =2S - D,
where D = maxy, .} d(u, v) is called the diameter of T. O]
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This reflects the intuition provided by phylogenetic compression. The methods described here represent
a simplified protocol of phylogenetic compression (Figure 3.1d): first, we represent our data modeled by the
ISM as an ISM-compliant matrix (e.g., k-mer matrix), then we infer the phylogeny of the collection from the
binary vectors using NJ, and lastly, we reorder the columns of the matrix according to the phylogenetic tree
left-to-right before applying the RLE compression. In this protocol, Theorem 6 explains that the compression
guided by phylogeny gives optimal results.

Note that if we were instead interested in the shortest closed Hamiltonian path on the leaves (i.e., a traversal
that returns to its starting point), any left-to-right enumeration of the leaves would be optimal, regardless of how
the tree branches are rotated. In this case, the depth-first traversal always has total length L(u,v) = 25, since
every edge is traversed exactly twice. In the terminology of the row-wise RLE-compression matrix problem, this
corresponds to applying RLE to a “cylindrical” matrix, where first and last character of each row are considered
adjacent.

Lastly, an important property holds for the trees inferred by NJ from ISM-compliant matrices. We have
shown that SNP, k-mer, unitig, and Bloom-filter matrices are all ISM-compliant, and therefore NJ applied
to any of them recovers a tree whose left-to-right leaf order yields optimal RLE compression. However, this
does not yet clarify how the trees inferred from these different matrix representations relate to one another.
The following theorem shows that, under ISM-compliance, all of these matrices induce exactly the same tree
topology, differing only in edge weights. This fact is crucial for our experimental pipeline: once a phylogenetic
tree is inferred, the resulting genome order can be reused for all others.

Theorem 7. Let C = {G1,...,G,} be a collection genomes forming the leaves of a k-mer-based ISM tree.
Let S, K, U, and B denote the SNP, k-mer, unitig, and Bloom-filter matrices constructed from C, where the
SNP matrix uses a compatible reference genome, and the Bloom-filter matrix is built with 4 = 1 and m chosen
so that the false-positive rate is negligible. Then the tree constructed by the Neighbor-Joining algorithm from
the Hamming distances of S, K, U, or B has the same tree topology (up to branch rotations), with leaves
corresponding to the genomes in C'.

Proof. Under the ISM, each mutation occurs exactly once on the underlying evolutionary tree. Consider any
edge e of this tree, and let M(e) denote the number of mutations that occur along e. For any two genomes G;
and G, their Hamming distance in each of the four matrix types is the sum, over all edges on the path between
G; and G}, of a positive contribution per mutation on that edge. The magnitude of this contribution depends
on the matrix type.

For the SNP matrix S, each mutation contributes exactly 1 to the Hamming distance between any pair
of genomes whose path contains the corresponding edge. Thus the induced distances are additive with edge
weights proportional to M (e).

For the k-mer matrix K, by Definition 13, each point mutation creates exactly k¥ new k-mers and deletes
k old ones, contributing 2k to the Hamming distance for every pair of genomes separated by that mutation.
Thus the induced distances are again additive, with edge weights equal to 2k M (e).

The unitig matrix U is obtained from the k-mer matrix by merging certain rows that are identical across
all genomes. As shown in Lemma 3, merging duplicated rows preserves additivity of the induced distances.
Concretely, in the k-mer-based ISM tree, each edge e corresponds to 2k M(e) rows that differ exactly on the
genomes separated by e. When some of these rows are merged, the Hamming distances between genomes
separated by e decrease by the number of merged rows, which corresponds to reducing the weight of edge e by
the same amount. Since only duplicated rows are merged, the resulting edge weights remain strictly positive.
Thus the unitig distances correspond to the same additive tree topology as the k-mer distances.

The Bloom-filter matrix B with = 1 and negligible false-positive rate is very similar to the k-mer matrix
as explained in the proof of Theorem 4 up to empty rows, which do not contribute to the Hamming distances.
The lengths of the tree branches are therefore also equal to 2k M (e).

In all four cases, the pairwise Hamming distances are additive with respect to the same underlying tree
topology, differing only by a scaling factor or by reductions in branch lengths that preserve positivity. It follows
that NJ applied to S, K, U, or B reconstructs the same unrooted tree (up to branch rotations). O



Chapter 4

Implementation of experimental
pipeline

The goal of this chapter is to describe the pipeline that we developed to evaluate how different column
orderings influence the run-length compressibility of binary bacterial genome matrices. Our objective is to
understand which ordering strategies produce the most compact RLE compression, and how these strategies
behave across datasets, matrix types, and k-mer sizes. To answer these questions in a reproducible and scalable
way, we implemented an evaluation pipeline using Snakemake [58]. The workflow coordinates all steps required
to construct genome matrices, compute pairwise Hamming distances between columns, generate optimal and
worst-case orderings via TSP formulations, infer phylogeny-based orderings, and finally quantify the resulting
RLE-compressed sizes. The pipeline is modular and supports experiments across multiple datasets, k-mer sizes,
and matrix types.

4.1 Overview of the evaluation pipeline

We conducted our experiments on several datasets of bacterial genomes obtained from public repositories
of high-quality assemblies in FASTA format (Appendix B). For each dataset, we first compiled a list of available
assemblies and then extracted a random subset of 1000 genomes that served as the input of the pipeline. No
additional preprocessing of the FASTA files was performed, as all subsequent steps of the pipeline operate
directly on the assemblies.

To compute the unitigs of the collections, we used Fulgor [14], a software tool for indexing large collections
of genomes by constructing a colored de Bruijn graph and compacting it into unitigs. Each genome corresponds
to one color, and the resulting index can be exported into dump files containing the unitig sequences and their
associated color sets.

We chose three types of binary matrices to represent the genome collections: the k-mer matrix, the unitig
matrix, and the unique-row matrix. The k-mer and unitig matrices follow Definition 5 and Definition 6, re-
spectively. In the unique-row matrix, each row corresponds to one color set, i.e., to a set of genomes sharing
exactly the same unitigs. Theoretically, it can be derived from the unitig matrix by collapsing all identical
rows. We showed that all three matrices are ISM-compliant when constructed from ISM-compliant data (Theo-
rem 3, Lemma 3, Corollary 1). This motivates their use as test cases for evaluating the robustness of ISM-based
predictions under realistic bacterial evolution.

To obtain column orderings that minimize or maximize the run-length-encoded size of the binary matrices,
we applied the reduction of Problem 2 to the TSP to be able to use an optimalized TSP solver Concorde [56].
We used it also to compute the worst possible solution using distance modification from Lemma 4.

For phylogenetically guided column orderings, we inferred approximate phylogenetic trees for each dataset
and extracted their left-to-right leaf orders. We employed two classical distance-based reconstruction methods
implemented in Attotree [59]: Neighbor Joining (NJ), which is guaranteed to recover the correct topology for
ISM-compliant matrices in our theoretical model (Theorem 6), and the Unweighted pair group method with
arithmetic mean (UPGMA), which requires a stronger assumption of ultrametric distances (Definition 9) to
return the true tree. These two methods provided the phylogenetic heuristics for ordering matrix columns in

20
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our experiments.

In addition to phylogeny-based and TSP-based orderings, we included a randomized ordering, which served
as a baseline model against which to compare the structured orderings.

To quantify how different column orderings affect the compressibility of the binary matrices, we measured
the total number of row-wise runs as defined in Section 3.3. For a binary matrix M € {0,1}"*™ and a fixed
column ordering m = (m1,...,m,), the total number of runs is

n—1
Z Ham(M.,frj ) M0,7Tj+1) + m,
7j=1

where m is the number of rows. The first term counts all bit changes across adjacent columns, and the additive
constant accounts for the initial run in each row.

We also compared this row-wise measure with an alternative RLE strategy that linearizes the entire matrix
and applies RLE globally. In this case, the total number of runs becomes

n—1 m—1
ZHa‘m(M'77Tj’M°aTFj+1) =+ Z Ha‘m(Mi,Tfn7M'i+17ﬂ'1) + 1,
j=1 i=1

which removes the additive constant but introduces an additional term capturing transitions between the last
column of one row and the first column of the next. Although we computed both quantities for all experiments,
the differences between them were nearly constant and did not affect the qualitative conclusions. We therefore
comment only the row-wise run counts results in Chapter 5, which align with our theoretical model. A comparison
of the two RLE strategies is shown in Appendix C.

4.2 Components of the evaluation pipeline

4.2.1 Snakemake workflow

Snakemake is a workflow management system that provides a declarative way to specify computational
steps, their dependencies, and the files they produce. It ensures that each rule is executed only when its inputs
are available and up to date, and it automatically manages parallel execution and organization of intermediate
results. In our implementation, Snakemake links together all components of the evaluation pipeline (Figure 4.1).

To support experiments across many parameter combinations, the workflow extensively uses wildcards. The
primary wildcards include the dataset identifier (dataset), the k-mer size (k), the number of selected genomes
(N), the matrix type (type), the phylogenetic inference method (method), and the TSP variant (variant). These
wildcards allow Snakemake to automatically expand the workflow into all required jobs.

Reproducibility is supported through explicit storage of selected genome subsets, deterministic rule outputs,
and the use of a dedicated conda environment for all software dependencies. The workflow was executed with
snakemake-minimal 7.32.4, typically invoked with

snakemake -j 32 -resources concurrency=1 -latency-wait 30 -rerun-incomplete -keep-going
-show-failed-logs -reason -use-conda.

The pipeline relied on Python 3.10.19, Fulgor 4.0.0, Attotree 0.1.6, and the Concorde TSP solver distributed as
a precompiled Linux binary (“Concorde for Red Hat Linux 8.07).

4.2.2 Input and randomized nested subsets

As input, the pipeline uses plain-text dataset.txt files containing absolute paths to the genome FASTA
files. To evaluate the impact of dataset size, nested subsets are generated from these lists in the randomization
and create_selection rules. To avoid unintended ordering bias, each subset of size N is taken from a version
of the original list that has been randomized using sort -R, after which the first N entries are selected via

head -n N {dataset}_randomized.txt | sort > {dataset}_ N{N}.txt

and stored as individual {dataset}_N{N}.txt files for reproducibility. Further in the pipeline (Section 4.2.4),
for k-mer and unitig matrices, these subsets serve as a guide of which genome columns to pick from the global
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INPUT
dataset: ngono
k: 31

type.: kmer
N: 1000

randomizaticn generate_fulgor_index
dataset: ngono
k: 31

dataset: ngono

create_selection :
' N 1000 ' dump_fulgor_files

run_attotree run_attotree generate_distances_from_dump
method: nj method: upgma type: kmer
get_tree_order get_tree_order export_tsp_instance

compute_final_runs compute_final_runs get_randomized_crder run_concorde run_concorde
- - - - = - variant: worst variant: optimal
compute_final_runs extract_tsp_order extract_tsp order
(compute_ﬁnal_runsj (compute_ﬁnal_runs)

OUTPUT

Figure 4.1: Example directed acyclic graph of the evaluation pipeline. This diagram shows the Snakemake
workflow for a single dataset (ngono), a single k-mer size (k = 31), one matrix type (k-mer), and one dataset size (N =
1000). The graph illustrates the rules for genome selection, Fulgor index construction, unitig and color-set extraction,
Hamming distance computation, TSP instance generation and solving, phylogenetic tree inference via Attotree, and
final RLE run evaluation across multiple ordering strategies. Although this example omits other datasets and parameter
combinations for simplicity, the implemented workflow generalizes to all configurations used in the experiments.

matrix to order, i.e., the distances are calculated on the matrix built from the whole dataset, and only the
corresponding column distances are then used. In the case of unique-row matrices, these subsets are used as
input at the beginning of the pipeline and the matrices are rebuilt again for each of the subsets to ensure that
rows are truly unique.

4.2.3 Unitig sets using Fulgor

Unitigs are computed using Fulgor. Given a k and an input {dataset}.txt file (or {dataset}_{N}.txt file
for unique-row matrices) listing the genome assemblies, the index is built in the rule generate_fulgor_index
using

fulgor build -1 {datasetl}.txt -o 04_indices/{dataset}_k{k} -k {k} -m {m}
-d 04_indices/{dataset}_k{k}_tmp -g 32 -t 32 -verbose -check

where m denotes the minimizer size, chosen proportionally to k following Fulgor’s recommended settings. The
corresponding dump files are produced in the rule dump_fulgor_files via

fulgor dump -i {dataset}_k{k}.fur -o 05_dumps/{dataset}_k{k}

which generates three files containing the information about the unitigs presence or absence in the genomes:

o metadata.txt provides global metadata, including the value of k, the number of colors (equal to the
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number of genomes), the total number of unitigs, and the number of distinct color sets. A color set is the
set of genomes in which a given unitig appears.

e color_sets.txt lists all color sets, one per line, in the format
color_set_id=0 size=5 62 174 617 648 898.

The trailing integers correspond to the indices of genomes in the input .txt file.

e unitigs.fa contains FASTA-formatted unitig sequences, each annotated with its unitig identifier and the
identifier of its associated color set, e.g.,

> unitig_id=0 color_set_id=0
CAGACCGCCTTCGACGATCCAGTTCTGGCCTTGCATGCCGGT

This file links each unitig to the genomes in which it occurs.

4.2.4 k-mer, unitig and unique-row matrix distances

Instead of constructing these matrices explicitly, the pipeline computes all pairwise Hamming distances be-
tween their columns directly from the dump files using a Python script in the rule generate_distances_from_dump.
The structure of the matrices is fully determined by the dump files:

¢ The unitig matrix has one row per unitig in unitigs.fa and one column per genome. A matrix entry is 1
if the genome index appears in the corresponding color set in color_sets.txt.

e The k-mer matrix is defined analogously, but with one row per distinct k-mer. Because the Fulgor index is
constructed for a fixed value of k, the number of k-mers contained in a unitig is determined by the unitig’s
length, as each unitig is formed from overlapping k-mers. In a colored de Bruijn graph, these k-mers are
unique within each unitig, so the k-mer matrix can be obtained by duplicating the row of a given unitig
x times, where z is the number of k-mers in that unitig.

e The unique-row matrix is the simplest to build, as each unique row corresponds exactly to one color set
in color_sets.txt, which determine the 1-entries of that row.

The unitigs.fa file is processed in a streaming fashion and for each constructed row, the distance of
genomes whose entries differ is increased in a global distance matrix. This yields the full distance matrix for n
genomes.

To handle large datasets efficiently, the computation is parallelized across available threads and uses
bit-parallel operations to process blocks of rows at a time. The overall computational complexity is O(mn?),
where m is the number of rows (unitigs, k-mers, or unique rows) and n is the number of genomes. The resulting
distance matrices are stored as text files and compressed using xz -9 to reduce disk usage.

4.2.5 TSP instance generation and solving

TSP instances are generated by a Python script in the rule export_tsp_instance, which takes as input
the distance matrix and the list of selected genomes, extracts the relevant submatrix, and creates two TSP
instance files

o an optimal variant, where edge weights are equal to the Hamming distances D;;, yielding a minimization
problem;

o a worst-case variant, where edge weights are transformed to Djqs — D;j, converting the maximization
objective into a minimization problem.

Because Concorde solves the cycle version of the TSP, each instance contains so-called dummy node with
zero-weight edges to all other nodes. This ensures that the optimal cycle corresponds to an optimal path in the
original graph, and the dummy node is removed after solving.

Both instances are written in TSPLIB format using the conventions

EDGE_WEIGHT_TYPE : EXPLICIT
EDGE_WEIGHT_FORMAT : FULL_MATRIX.
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Here is an example of a generated instance file for 39 genomes:

NAME : 39 points

TYPE : TSP

COMMENT : keys: DUMMY_CITY_SEPARATOR,SAMEA3726531,SAMEA4362530, ...
EDGE_WEIGHT_TYPE : EXPLICIT

EDGE_WEIGHT_FORMAT : FULL_MATRIX

NODE_COORD_TYPE : NO_COORDS

DISPLAY_DATA_TYPE : NO_DISPLAY

EDGE_WEIGHT_SECTION

0000O0...

0 0 1000000 5827...

The COMMENT field stores the mapping between node indices and genome identifiers, enabling reconstruction of
the final ordering. In the EDGE_WEIGHT_SECTION, there is the full distance matrix between the given matrix
columns. Concorde is invoked by the rule run_concorde with default parameters

concorde -o instance.sol instance.tsp

and the output file instance. sol contains the order of nodes producing the shortest cycle on the given instance.
The corresponding column ordering is extracted by a Python script in the rule extract_tsp_order, which
removes the dummy node and linearizes the cycle into a path. The final ordering is written to

10_orders/{dataset}_{variant}_k{k}_N{N}_{typel}.txt,
where variant can be optimal or worst, and type denotes the type of the matrix.

During the evaluation process, we encountered two practical limitations of Concorde that required addi-
tional handling. The first issue arose for subsamples smaller than 30 nodes. For such instances, Concorde does not
invoke its full branch-and-cut computing but instead switches to a specialized Held-Karp dynamic-programming
routine implemented in its function CCheldkarp_small, and these settings cannot be user-overriden. This rou-
tine is designed for speed but imposes strict internal limits the magnitude of individual edge weights. For some of
our small subsamples, these limits were exceeded, causing Concorde to terminate with the error edge too long.
To avoid triggering the small-instance code path, we artificially increase the instance size by duplicating the
dummy node until the total number of nodes exceeded 35. Because all dummy nodes have zero distances between
each other and identical distances to all non-dummy nodes, they form a contiguous block in any optimal tour
and can be removed after solving without affecting the optimal ordering of the original nodes.

The second limitation concerns the magnitude of edge weights. When the Hamming distances between
columns reach values on the order of millions, the resulting optimal tour length is of the order of billions.
These values exceed the internal integer range used by Concorde, leading to arithmetic overflow and the er-
ror OVERFLOW in CCbigguy_addmult. To address this, the instance generating script applies a uniform scaling
whenever the maximum distance D,,,q. exceeds 10 000. Specifically, a scale factor s = D,y,4./10 000 replaces each
distance d;; with d,, = max{1,round(d;;/s)}, ensuring that all distances remain positive integers. This trans-
formation may collapse distinct distances to the same integer value, potentially introducing minor perturbations
in the minimization function. However, given the large range of the original distances and the qualitative nature
of our comparison between ordering strategies, this approximation does not significantly affect the results of the
pipeline.

4.2.6 Phylogenetic tree inference

Phylogenetic trees are constructed using Attotree [59], which integrates Mash sketching [22] for fast estima-
tion of pairwise genomic distances, and QuickTree [60] for tree reconstruction. Given a list of genome assemblies,
Attotree computes pairwise Mash distances and then applies either NJ or UPGMA to obtain an approximate
phylogeny in the rule run_attotree via

attotree -t 32 -m {njlupgma} -L {dataset} N{N}.txt -V > {output.nw},

where -t specifies the number of threads, {dataset}_N{N}.txt contains the list of genomes in the selected
subset, and the output.nw is the resulting Newick-formatted tree. All trees are inferred once per selection file
using Attotree’s default Mash sketch size (corresponding to k = 21), and the resulting leaf orderings are reused
for all k-mer sizes. We assume that a fixed sketch size provides sufficiently accurate estimate of distances for the
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phylogenetic reconstruction across k and datasets, given that the theoretical model shows that the tree topology
is the same regardless of the matrix type (Theorem 7).

The left-to-right order of leaves is obtained from a preorder traversal in the rule get_tree_order by
a Python script. It loads the Newick tree using ete3 library and outputs the leaves in the order in which they
are encountered, without applying any additional processing steps. Preorder traversal visits each internal node
before its children and processes children from left to right.

The final leaf orderings were written to files of the form

10_orders/{dataset}_{njlupgma}_k{k}_N{N}_{type}.txt .

4.2.7 RLE compression evaluation

The evaluation is performed by a Python script that implements the RLE formulas above in the rule
compute_final_runs. The script takes as input the distance matrix for the whole dataset and the ordering of
the selected genomes, and additionally requires the number of matrix rows m. This value was obtained from the
Fulgor metadata file: for the unitig matrix, m equals the number of unitigs, for the k-mer matrix, the number
of k-mers was computed from the unitig count, and for the unique-row matrix, m equals the number of color
sets.

Random orderings were generated by shuffling the genome subset order obtained from the UPGMA tree
by

cat {dataset}_upgma_k{k}_N{N}_{type}.txt | sort -R > {dataset}_randomized_k{k}_N{N}_{typel}.txt .

The choice of which ordering to randomize was arbitrary. An equivalent randomized baseline could have been
obtained from the TSP ordering or from the original subset order.

For each dataset, matrix type, k-mer size, and ordering method, the final output run counts were written
to .txt files

11_runs/{dataset}_{method}_k{k}_N{N}_{type}.runs.



Chapter 5

Experimental evaluation

Real bacterial genome collections do not fully adhere to the ISM assumptions underlying our theoretical
model. In practice, genomes are finite, individual nucleotide positions may mutate repeatedly or revert, many
bacterial species undergo recombination and horizontal gene transfer, and genomic variation includes insertions,
deletions, and structural rearrangements. These processes violate the idealized ISM framework and may influence
the structure and compressibility of the resulting binary matrices.

To assess how robust the ISM-based predictions remain under such non-ideal evolutionary conditions, we
assembled several bacterial genome datasets of varying expected adherence to ISM assumptions (Appendix B).
The ngono dataset, consisting of 1000 Neisseria gonorrhoeae genomes, represents a relatively homogeneous,
single-species collection with limited recombination, and therefore most closely approximates ISM-like evolu-
tion. The signal of vertical descent should dominate over homologous recombination or horizontal gene transfer.
The ngono-spneumo dataset combines two distinct species in equal proportion, introducing higher divergence
from ISM assumptions and more violations of additivity. This dataset better resembles a large bacterial genome
collection, i.e., containing multiple species, each represented by many genomes, than a single-species collection.
Finally, the diverse dataset, drawn from many diverse species of the phylogenetically compressed 661k col-
lection, contains hundreds of species spanning broad evolutionary distances and represents a severe violation
of the ISM assumptions. In particular, the assumption of each site mutating at most once becomes entirely
invalid as the diverse collection lacks a clear vertical descent tree and adheres more to a network-like evolution.
Consequently, the distances in the corresponding matrices are hardly additive. These datasets allowed us to
evaluate how compression performance degrades as ISM assumptions are progressively violated.

With the evaluation pipeline described in Chapter 4, we constructed the Hamming distances of the columns
of the corresponding k-mer, unitig, and unique-row matrices for each dataset and quantified their run-length
compressibility after applying RLE. For every dataset, we compared multiple column-ordering strategies: the
optimal and worst-case solutions of the TSP formulation, two phylogeny-based orderings derived from NJ and
UPGMA trees, and a randomized baseline. We further examined how dataset size and k-mer size impact the
observed compression behavior.

Because the datasets differ substantially in their evolutionary properties, we expect these differences to
be reflected in their achievable compression gains. Single-species collections with limited recombination should
more closely follow ISM-like behavior and therefore benefit strongly from phylogenetically informed orderings. In
contrast, highly diverse datasets containing many unrelated species are expected to deviate from ISM structure,
reducing the advantage of phylogenetic or TSP-derived orderings. Finally, by comparing random orderings not
only to phylogenetic ones but also to the theoretical worst-case arrangement, we can compare how far real
datasets lie from both ideal and worst-case scenarios.

5.1 The impact of dataset diversity

First, we asked how close the NJ-based RLE compression would be from the optimal solution across the
different matrix types and dataset diversities. In the case of ngono, we found (Figure 5.1, first column) that all
phylogeny-based reorderings remained within 3 % of the optimal and achieved roughly a 5x improvement over
a randomized baseline on all three matrices. The worst-case ordering yielded around 120% of the randomized
baseline, leaving the randomized baseline far closer to the worst-case scenario than the optimal (and phylogeny-
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informed) one. In the ngono-spneumo case, for all matrices, the results showed qualitatively similar trends as in
single-species dataset but with larger relative differences between the orderings (Figure 5.1, second column). The
optimal solution improved randomized order by 10 fold and both NJ and UPGMA performed within 1 % range
from the optimal solution. The worst-case ordering reached over 160 % of the randomized baseline and resulted
from an order alternating the species’ genomes. Finally, we found that for the diverse dataset (Figure 5.1,
third column) the overall differences between the orderings were significantly smaller compared to the other
datasets. In particular, the optimal solution resulted in over 81 % of randomized order on k-mer matrix, over
57 % on unitig one, and over 44 % on the unique rows, thus although tree-guided orders still approached the
optimum with less than 1 % difference, absolute gains were relatively low compared to less diverse datasets. This
suggests that phylogenetic ordering is robust to violations of ISM assumptions, and that the overall possible
improvement depends on the diversity of the dataset. An interesting observation is that the absolute numbers
of the runs in the unique-row matrix are much lower than the ones in k-mer or unitig matrices. This is probably
caused by the diversity of the dataset, containing many different and generally short unitigs that are shared by
small amounts of genomes, which causes many duplicated rows.

5.2 Comparison of NJ with other inference methods

Although NJ is fast in practice, especially in combination with sketching, its worst-case time complexity
is cubic in the number of genomes, which can become prohibitive for very large collections. We were interested
in whether simpler and faster phylogenetic methods could serve as practical substitutes, even though they rely
on stronger assumptions about the evolutionary process. A natural candidate is UPGMA (Section 2.3.2), which
assumes ultrametric distances and runs in quadratic time.

We incorporated UPGMA into all our experiments and found that it closely matches the performance of
NJ across all datasets, in many cases even slightly outperforming it (Figure 5.1). For the single-species and
two-species collections, the difference between NJ and UPGMA was within 1% relative to the randomized
baseline. In the ngono-spneumo dataset, UPGMA produced marginally better compression than NJ, and in the
diverse dataset it consistently outperformed NJ across all three matrix types. One possible explanation is that
UPGMA’s simple averaging rule captures the local similarity structure that is most relevant for minimizing
the number of runs, even if its underlying evolutionary assumptions are unrealistic. In other words, although
UPGMA is not a biologically accurate model for our datasets, it may still recover the geometric relationships
between genomes that matter in our experiments for RLE compression.

Furthermore, we also compared NJ with a maximum-likelihood (ML) phylogeny. Although we did not
integrate ML inference directly into our pipeline, we obtained a dataset of N = 1102 N. gonorrhoeae genomes,
referred to as ngono-rase, together with a precomputed phylogenetic tree. This tree was inferred using a RAxML
maximum-likelihood pipeline (Section 2.3.2) applied to a recombination-filtered core genome alignment [25].

Using this RAXML tree as an external benchmark, we evaluated the k-mer matrix of the ngono-rase
dataset for & = 31. All three phylogenetic orderings (NJ, UPGMA, and RAXxML) lie within 2% of the optimal
TSP solution, which compresses the k-mer matrix to 14% of the randomized baseline (Figure 5.2). Interestingly,
the RAxML-derived ordering performs slightly worse than NJ, despite being biologically more accurate. This
again supports the observation that RLE compression performance in these experiments depends primarily
on capturing the local geometric structure of genome space, rather than on reconstructing a more accurate
evolutionary history.
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Figure 5.1: The impact of genome order on the size of RLE compression of k-mer, unitig and unique-row
matrices for three datasets of varying diversity. The analysis was done for three datasets from Appendix B of size
N = 1000 genomes and for k = 31, with respect to reordering of the genomes by random order (baseline), phylogenetic
orders obtained from NJ and UPGMA, and the worst and best possible orderings computed exactly by a TSP solver.
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Figure 5.2: Comparison of NJ with other phylogenetic inference methods. We evaluated the RLE compression
of the ngono-rase dataset using NJ and UPGMA within our pipeline and compared these results with the ordering
obtained from an external maximum-likelihood tree inferred by RAxML.

5.3 Impact of the dataset size

We also examined the impact of the dataset size n on the improvement in compression with respect to the
dataset diversity. We expected that larger single-species collections would yield greater improvements, while
more diverse datasets would show more modest gains, with phylogeny-guided orderings remaining near-optimal
regardless of size and diversity. As described in Chapter 4, for k-mer and unitig matrices the pipeline computed
Hamming distances once in the matrix of the whole dataset, and nested subset runs were evaluated by extracting
the corresponding columns to obtain the optimal, worst-case, and phylogeny-guided tours. The height of the
k-mer and unitig matrix was therefore constant across all experiments. In the case of the unique-row matrix,
the matrix was recomputed for each subsample before applying the rest of the pipeline.

Across all datasets and sample sizes (Figure 5.3), NJ-guided orderings remain consistently close to the opti-
mal solution, typically within a few percentage points. Compression improves steadily as n increases, reflecting
an initial saturation phase, where longer runs can form only once most k-mers or unitigs become present in
the dataset subset. In single-species and two-species collections this saturation occurs quickly, whereas in the
diverse dataset it appears only after roughly 100 genomes. Worst-case orderings are typically close to the ran-
dom baseline, except in the two-species dataset, where the worst-case arrangement resulting from alternating
genomes from the two species produces substantially poorer compression, with the gap widening as n increases.

The RLE compressibility of the k-mer, unitig, and unique-row matrices is generally similar. A notable
exception occurs in the diverse dataset, where the unique-row matrix becomes more compressible earlier than
the k-mer and unitig matrices. We conjecture that this difference is partly an artifact of the experimental design:
because the unique-row matrix is rebuilt for each subsample, its structure reflects only the selected genomes,
while the k-mer and unitig matrices include empty rows corresponding to k-mers or unitigs absent from the
subset. On the other hand, these empty rows contribute only a constant baseline number of runs that is present
across all subsets, and other types of runs that do not include this constant showed similar trends across matrix
types (Figure C.4).

5.4 Impact of k-mer size

Lastly, we sought to evaluate the impact of k& on compressibility, particularly in terms of how different
k values affect the performance of phylogeny-guided reordering. We anticipated that shorter k-mers would lead
to more severe violation of the ISM assumptions, in particular that each k-mer appears at most once per genome
and that k-mers emerging due to mutations are novel and unique. Due to the low specificity of short k-mers,
they are more likely to occur in multiple, unrelated genomic contexts. In the extreme case of very short k, the
matrices become nearly saturated, since most k-mers are present in nearly all genomes. Therefore, we expected
the compression results to dramatically improve for larger k’s, where most k-mers become unique and lead to
sparser matrices which are more likely to follow the assumptions of the ISM.
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Figure 5.3: Impact of dataset size on compression performance. For each dataset, We evaluated the impact
of increasing the number of genomes n on the row-wise run count in a RLE-compressed binary matrix. We generated
nested subsamples of n genomes up to full dataset size and computed optimal, worst-case, random and phylogeny-guided
orderings for each subset. The results show how compression improves with increasing sample size and how this behavior
varies with dataset diversity.
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We found that the choice of k has a substantial impact on the size of the different matrix types and
consequently their compressibility. We evaluated several values of k between 6 and 31; however, for the diverse
dataset, the k-mer and unitig matrices became too computationally demanding for k£ € {15,18}. In these
cases, the pipeline did not finish due to the time required to compute Hamming distances (Section 4.2.4).
To compensate, we computed additional points around k& = 14. Based on trends observed in the less diverse
datasets, we expect the missing k-mer matrix values to lie between the results for £ = 14 and k£ = 23. For the
unitig matrix, we anticipate a peak within this range, similar to that seen in the unique-row matrix but with
larger absolute values.

The results further confirm the robustness of phylogeny-guided ordering improvements. Across all datasets,
matrix types, and k values, both NJ and UPGMA orderings remain extremely close to the optimal TSP solution.
Even in cases where the matrices are dense or significantly violate ISM assumptions, they consistently approach
the optimum within a few percentage points.

The three matrix types exhibit distinct behaviors as k increases. The k-mer matrices begin in a highly
dense regime for small k, since short k-mers appear in almost all genomes, and their height grows rapidly
until stabilizing around £ = 18. The unitig matrices show an even sharper initial increase, where for small k,
the de Bruijn graph is highly fragmented, producing many short unitigs, which inflate the matrix height. As
k increases, these fragments merge into longer unitigs, and the total number of unitigs decreases again around
k = 18. The unique-row matrices follow a similar pattern but with substantially smaller absolute sizes, peaking
around k = 15.

Despite these differences in absolute matrix size, the relative compression performance measured against
the randomized baseline shows much more stable behavior. After the dense, low-specificity regime at small
k, the relative run counts settle quickly and remain nearly constant across the remaining k values, with only
minor fluctuations in the diverse dataset. This suggests that once k is large enough for the matrices to reflect
meaningful evolutionary structure, the relative advantage of different orderings becomes largely independent of
the exact choice of k.

5.5 Pipeline performance evaluation

All experiments were executed on a dedicated compute node equipped with two 16-core AMD EPYC 7281
processors running at 2.1 GHz (SMT disabled), 128 GB of RAM, and 360 GB of local SSD storage. The node
ran CentOS 7.8 and was managed by the PBS Pro 18.1 job scheduler. Jobs were submitted with a wall-time
limit of 72 hours and exclusive access to 32 CPU cores and 120 GB of memory on a single node.

The runtimes of individual pipeline components varied substantially across datasets and matrix types,
with the diverse dataset and k-mer matrix construction typically taking the longest times. Fulgor index
construction typically required on the order of several tens of minutes to a few hours. Dumping the unitig and
color-set files from the index took only a few minutes. Computing Hamming distances was one of the most
time-consuming steps, ranging from several hours to multiple days depending on dataset size and matrix type.
Unique-row matrices were generally faster to process, whereas unitig and k-mer matrices required streaming
and checking memberships in the full unitigs.fa file. Phylogenetic tree inference with Attotree completed
within a few minutes. Concorde exhibited highly variable runtimes: most TSP instances were solved within
minutes to hours, but the largest instances occasionally required several days. The final RLE evaluation was
computationally negligible, completing within seconds.

Disk usage was dominated by the Fulgor indexes, which reached 10-15 GB for the largest datasets. Com-
pressed distance matrices occupied only tens of megabytes, and all other intermediate files were comparatively
small. Peak memory usage during computation was not measured explicitly, but allocating 120 GB per job was
always sufficient.

Two components of the pipeline represented bottlenecks for instances of 1000 genomes. First, the distance
computation step was a significant bottleneck, sometimes exceeding three days before parallelization was in-
troduced. Although the task is conceptually simple, it is inherently time-consuming for datasets and k values
producing many unitigs. Second, Concorde’s exact branch-and-cut algorithm can require substantial time not
only to find an optimal tour but also to verify its optimality. This verification phase often dominates the total
runtime, especially for large instances with large distances. As a result, scaling the TSP-based ordering approach
beyond a few thousand genomes may be challenging. In contrast, the remaining components of the pipeline scale
more favorably, provided that Fulgor index construction remains tractable for larger datasets.



Chapter 6

Discussion and conclusion

In this thesis, we aimed to explore the theoretical foundations and practical behavior of phylogenetic
compression, a technique that exploits evolutionary structure to improve the compressibility of large genomic
collections. Our work combined mathematical modeling, algorithmic formulation, and empirical evaluation on
real bacterial datasets, providing a unified view of when and why phylogeny-guided ordering yields near-optimal
compression.

On the theoretical side, we introduced and formally characterized a framework for modeling phylogenetic
compression. Within this framework, we proved that the simplified phylogenetic protocol (constructing a tree
from pairwise distances and reordering data in left-to-right leaf order) achieves the optimal RLE compression. We
further showed that the compression problem itself can be expressed as a discrete optimization task equivalent to
solving the Traveling Salesperson Problem (TSP) under Hamming distances, showing that the general problem
is NP-hard. Moreover, we defined the class of ISM-compliant matrices, a generalization of the binary matrices
built on data following the Infinite Sites Model (ISM) that captures the essential structural properties required
for phylogeny-based ordering to be optimal, and showed that several frequently used types of bioinformatics
matrices belong to this class.

To assess how this theoretical model translates to real microbial data, we implemented an experimental
evaluation pipeline using Snakemake. The workflow constructs k-mer, unitig, and unique-row matrices from
genome assemblies, computes pairwise column distances, generates optimal and worst-case TSP orderings, infers
phylogenetic trees using two distance-based methods, and evaluates the resulting RLE-compressed sizes. This
pipeline enabled a systematic comparison across three bacterial datasets of varying diversity, and across multiple
k-mer sizes, with experiments performed on subsets of up to 1000 genomes.

The empirical results demonstrate that many of the theoretical insights derived under ISM-like assumptions
remain remarkably robust in practice. Even though real bacterial genomes violate the idealized model through
homoplasy, recombination, and structural variation, their binary matrices still exhibit strong tree-like structure.
As a consequence, phylogeny-based orderings consistently achieve compression close to the optimal TSP solution.
In particular, the Neighbor-Joining algorithm (NJ) performs near-optimally not only for single-species datasets
but also for more diverse collections, and basically across all our experiments. These findings suggest that
bacterial genome space retains enough additive signal for simple distance-based methods to approximate the
optimal ordering extremely well.

Interestingly, our experiments also show that biologically more accurate trees do not always yield better
compression. For example, in the N. gonorrhoeae dataset, the RAxML-inferred tree performs worse than NJ.
This highlights a key distinction between phylogenetic accuracy and compressive utility: the latter depends
primarily on capturing local geometric relationships between genomes, a task that distance-based methods and
even TSP heuristics can accomplish efficiently.

Our work was limited by several practical constraints. First, our protocol of phylogenetic compression
is highly simplified and does not reflect the full complexity of methods used in practice. Another limitation
is that our experimental evaluation focused on datasets of 1000 genomes, which is negligible compared to
large-scale genomic collections such as AllTheBacteria [4], where individual species may contain hundreds of
thousands of genomes and the full collection spans thousands of species. It remains unclear how our findings
would scale to such magnitudes, both in terms of computational tractability and the stability of compression
gains. Furthermore, our theoretical framework relies on several simplifying assumptions about the data that do
not fully reflect real-world genomic variation. Moreover, the use of RLE as our low-level compression model is
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itself a strong simplification: RLE is rarely employed in practice in this form, but we adopted it for its analytical
tractability and ease of implementation. A more realistic model could incorporate more complex compressors
such as Lempel-Ziv.

Our results also point to several promising directions for further optimization. Because real data are not
perfectly tree-additive, different leaf orderings of the same inferred tree can yield different compression outcomes,
suggesting the potential for second-order improvements through branch rotations or local search. Moreover, our
simplified RLE-based model captures only one aspect of practical compression tools. Extending the framework
to incorporate row merging, alternative matrix layouts, or Lempel-Ziv—based compressors could bring the model
closer to real systems such as Metagraph. Finally, integrating clustering steps or exploring hybrid phylogeny-TSP
approaches may further enhance performance on highly diverse datasets.

Another interesting direction of future research is incorporating clustering into our model of phylogenetic
compression. Given a collection of genomes, the first step would be to divide it into batches of comparable
size, within which phylogeny inference and compression are performed independently. Even though we explored
this direction, this proved more challenging than initially expected. Preliminary experiments indicated that
meaningful clustering would require handling matrices of varying sizes, complicating both the modeling and
the evaluation. In principle, clustering could be integrated into our pipeline by introducing additional dummy
cities into the TSP formulation, allowing the solver to partition genomes into optimally sized clusters for a given
number of clusters. However, implementing similar clustering for phylogenetic orderings would have required
substantial additional effort, with uncertain computational costs. For these reasons, we ultimately chose not to
implement clustering within the scope of this simplified model, although the idea remains conceptually feasible
and may offer a promising direction for future work.

Overall, this work provides both a theoretical foundation and an empirical validation for phylogenetic
compression. By showing that simple, scalable methods can achieve near-optimal results even under substantial
deviations from ideal evolutionary assumptions, it strengthens the case for using evolutionary structure as a
guiding principle in the design of compressed genomic data structures. Together, these findings offer the first
mathematical explanation for the effectiveness of phylogeny-guided compression and indexing. They reveal
how the evolutionary structure inherent in bacterial genomes can be leveraged to overcome computational
hardness barriers and achieve near-optimal compression in practice. In the long term, these insights contribute
to the broader goal of developing entropy-scaling algorithms capable of sublinear search and analysis on massive
genomic collections, and they provide conceptual foundations that may guide the design of future data structures
and algorithms for large-scale genomic analysis.
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Appendices

A Neighbor-joining algorithm (INJ)

Here we describe the NJ algorithm in detail and summarize some results of its mathematical analysis that
was done in the past.

Given a set of objects and their pairwise distances, the algorithm iteratively connects pairs of neighboring
leaves, creating subtrees until an unrooted tree emerges. The core of the method is therefore the formula that
determines the pair of neighboring leaves to be connected by a parental node. It is not sufficient to pick the leaves
with the smallest distance, as it is demonstrated in Figure A.1. Instead, the neighboring leaves are determined
as the pair with the smallest value of the criterion

Dij = dij — (ri +75),

1 (1)
P = di
e 2

kel

where L is the set of leaves and d;; is the distance between the leaves ¢ and j. This formulation ([61]) is
not the one originally formulated by Saitou and Nei, however, they were proven equivalent ([57]). Studier and
Keppler also provided the proof of the connection between the criterion D;; and the leaves’ neighborhood.

Theorem 8 ([15], [61]). If i and j are leaves chosen so that D;; is minimal, then ¢ and j are neighbors.

An iteration of the NJ algorithm runs as illustrated in Figure A.2. Once the algorithm identifies a neigh-
boring pair of leaves ¢ and j, it defines a parental node k with the corresponding distances

1
dik:i(dij-i-ﬁ—?“j),djk:dz‘j—dik, (2)
and sets the new node’s distances to other leaves to
1
dkm = 5 (dim + djm — dij) - (3)

The leaves ¢ and j are then removed from the list of leaves L and k is added, representing a new leaf for the
next iteration. The whole process is described as Algorithm 1.

The algorithm is performing well with both simulated and real data ([15], [63]), and the selection criterion
D;; was proven to be unique and consistent among others that are linear, permutation equivariant, statistically

Figure A.1: Example of an unrooted tree where the pair of leaves connected by the shortest path (b and ¢ with dp. = 3)
is not a neighboring one.
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Figure A.2: One iteration of the NJ algorithm. Nodes j and ¢ are identified as neighbors, and a parental node k is
created. Resolved nodes i and j are then removed from the set of current leaves and k is added for the next iteration.

Algorithm 1: Neighbor-joining (adopted from [62])

Data: set of leaves and their pairwise distances d;;
Result: set of nodes and branch lengths of the corresponding unrooted tree
Initialization:
Define a set of leaves L containing provided data;
Define a set of all nodes T', put T' = L;
while there are more than two leaves in L do
Determine the leaves 7, j for which D;; is minimal;
Define a new node k and set d,, = %(dim + djm — d;j) for all m € L;
Add k to T as parent of 4, j with edge lengths d;, = %(dij +r — 1)), dig = dij — dig;
Add k to the set of leaves and remove i and 7;
end
Termination:
Connect the two remaining leaves m and n with an edge of length d,,,,;

consistent and based solely on distance ([64]). However, it is not immediately clear from Equation (1) what is
the property that is being minimized by the NJ algorithm. It took more than ten years from the NJ introduction
before the question was rigorously answered. Gascuel and Steel provide an insightful review of the subject ([57]).

The core of the answer lies in so called generalized Pauplin formula, which uses a weighted sum to obtain
the total branch length in a tree.

Definition 14 ([57], [65]). Let ¢, j be leaves in a weighted tree. Consider the path from ¢ to j in the tree with
n interior nodes. Let o denote the number of branches associated with the interior node k. The weight w;; is

defined as 1

il —1)°
Theorem 9 ([57], [65]). Let I be the total sum of all branch lengths of a weighted tree. Then | =37,  w;;d;;.

wij

Theorem 10 ([57], [66]). The NJ method, as defined by equations 1, 2, and 3 selects at each step as neighbors
that pair of current leaves, which most decreases the whole tree length, as computed using the generalized
Pauplin formula from Theorem 9.
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B Table of datasets

Name #genomes #species #distinct 31-mers  Description
ngono 1000 1 4,117,063 High-quality genomes of Neisseria gonor-
rhoeae.

https://zenodo.org/records/15367750/
files/part_54.tar

spneumo 1000 1 16,268,711 High-quality genomes of Streptococcus pneu-
moniae.
https://zenodo.org/records/15367750/
files/part_85.tar

ngono-spneumo 1000 2 16,900,806 A random subset of 500 ngono and 500 sp-
newmo genomes.
diverse 1000 539 3,009,067,743 A random subset of 1000 genomes from all

dustbins of the phylogenetically compressed
661k collection.
https://zenodo.org/records/15367750/
ngono-rase 1102 1 4,179,242 Draft genome assemblies from Illumina HiSeq
reads from the RASE database.
https://github.com/karel-brinda/
rase-db-ngonorrhoeae-gisp

Table 1: Genome collections used in our experiments.

C Comparison of alternative RLE compression strategies

To evaluate whether our choice of RLE compression strategy influences the experimental results, we com-
pared the row-wise approach used in our theoretical model (where each row begins a new run) with an alternative
strategy that linearizes the entire matrix and applies RLE globally (Figures C.3 to C.5). Across all three main
experiments, the relative differences between ordering methods remain highly consistent under both compression
styles.

The only noticeable deviation appears in the diverse dataset. In the experiment varying dataset size, sparse
rows introduce an additive constant that uniformly increases the total number of runs under the row-wise RLE
strategy. In the experiment varying k-mer size, the difference between the two run types in the k-mer matrix
grows with increasing k, reflecting the fact that the matrices become progressively sparser. This is the only
setting in which the two strategies do not differ by a simple uniform shift. Nevertheless, the overall shape and
behavior of the curves remain the same, and the gap would eventually converge to the height of the matrix once
most k-mers become unique. For the remaining datasets, the differences between the two RLE strategies are
negligible.


https://zenodo.org/records/15367750/files/part_54.tar
https://zenodo.org/records/15367750/files/part_54.tar
https://zenodo.org/records/15367750/files/part_85.tar
https://zenodo.org/records/15367750/files/part_85.tar
https://zenodo.org/records/15367750/
https://github.com/karel-brinda/rase-db-ngonorrhoeae-gisp
https://github.com/karel-brinda/rase-db-ngonorrhoeae-gisp
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Figure C.3: Comparison of RLE compression strategies across orderings and datasets. Comparison of
row-wise and linearized global RLE in the ordering experiment shows that relative differences between optimal, ran-
dom, and phylogeny-guided orderings remain stable across both compression strategies.
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Figure C.4: Comparison of RLE compression strategies across dataset sizes. For increasing numbers of
genomes, both RLE strategies yield nearly identical trends, with only a uniform shift in the diverse dataset due to

sSparse rows.



C. Comparison of alternative RLE compression strategies

42

Runs [M]

ngono

ngono-spneumo

diverse

10000 -

7500 -

5000 -

2500 -

- e b

Jew-y

3000 -

2000 -

1000+

PO

-

Briun

6000 -

4000 -

2000 -

PP Y

10 20

30

smoi—anbiun

Ordering

Worst case
Random
UPGMA
NJ

Optimal

R+mep

Runs type

~o- row-wise
-®- linearized

Figure C.5: Comparison of RLE compression strategies across k-mer sizes. Across all tested values of k, the
two RLE approaches produce consistent relative ordering performance. The differences in the diverse dataset are caused
by sparse rows, since many k-mers are unique.
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